Ž .
For a finite group G, let k G denote the number of conjugacy classes of G. We prove that a simple group of Lie type of untwisted rank l over the field of q Ž . l elements has at most 6 q conjugacy classes. Using this estimate we show that for Ž . Ž .
10 n completely reducible subgroups G of GL n, q we have k G F q , confirming a Ž . conjecture of Kovacs and Robinson. For finite groups G with F* G a p-group wé Ž . Ž . a a prove that k G F cp where p is the order of a Sylow p-subgroup of G and c Ž . Ž . < < X is a constant. For groups with O G s 1 we obtain that k G F G . This latter p p result confirms a conjecture of Iranzo, Navarro, and Monasor. We also improve various earlier results concerning conjugacy classes of permutation groups and linear groups. As a by-product we show that any finite group G has a soluble Ž . < < Ž . < <
INTRODUCTION
The aim of this paper is to provide upper bounds of various types for Ž . k G , the number of conjugacy classes of a finite group G. Several such w x results were obtained by Kovacs and Robinson in KR , and we develoṕ some of their themes, as well as proving some of their conjectures.
Throughout, we make use of the classification of finite simple groups.
Ž . For this we require bounds for k G when G is simple, and our basic Ž . result is Theorem 1. In the statement we write rk G for the ''untwisted'' Lie rank of the finite group G of Lie typeᎏthat is, the rank of the corresponding simple algebraic group. 
Ž . Ž .Ž .
Note that if G is the simply connected cover of G then k G is at least l l r2 w x q unless G is a Suzuki group or a Ree group where it is q Ca2, 3.7.6 . Ž w x This fact is used in Py1 to obtain a roughly logarithmic lower bound on . the number of conjugacy classes of a group of order g.
There is not much that is new or difficult about Theorem 1, but it is a convenient and usable general result, and our proof is uniform and reasonably short. For many types of classical groups G, Wall and Macdonw x Ž . ald Wa, Mac obtain precise values of k G as coefficients of certain Ž . generating functions although their groups G are usually not simple ; and Ž . the values of k G for various exceptional simple groups G can be found w x in the references CR, Mi1, Shi1, Shi2, Sho, Su1, War .
Our first application of Theorem 1 is the completion of some work in w x w x KR on conjugacy classes of permutation groups. In KR, Sect. 1 , it is Ž .
ny1
proved that any subgroup G of S satisfies k G F 5 , and the proof of n Ž .
ny1 a proposed improvement of this to k G F 2 is reduced to the case Ž where G is almost simple. We use Theorem 1 to handle this case see . Proposition 1.9 , thus completing the proof of Ž .

THEOREM 2. If G is any subgroup of S , then k G F 2 .
n Note that if n is a power of 2 then W s D wr C is a transitive 8 n r4
Ž . 2-group in S with k W ) 5 rn.
n Using Theorem 1 we also prove the following two ''reduction theorems.'' THEOREM 3. E¨ery finite group G has a soluble subgroup S such that Ž . < < k G F S . w x By a result of Heineken He any finite soluble group S has a nilpotent < < < < c subgroup N such that S F N for some c -58r21. Therefore we also Ž . < < c have k G F N for some nilpotent subgroup N of G. It would be of interest to decide whether the last assertion holds with c s 1. A particularly interesting special case is that of odd order groups.
Ž . Note that for G s PSL 2, q , q even, the largest order of a nilpotent Ž . subgroup and k G are both equal to1. The layout of the paper is as follows. Section 1 contains the proofs of Theorems 1 and 2. In Section 2, we prove Theorems 3 and 4, and obtain Ž . consequences of these concerning linear groups Theorem 2.5 and permu-Ž . tation groups Corollary 2.15 . Finally, Section 3 contains the proof of Theorems 7, 8, and 9.
ALMOST SIMPLE GROUPS
In this section we establish Theorems 1 and 2. We first prove Theorem 1 in a series of lemmas. w x The first lemma is an elementary result taken from Ga . LEMMA 1.1. If G is a finite group and H is a subgroup of G, then
Ž .
If p is a prime, let k G be the number of conjugacy classes of 
. is a p -group where q is a power of the prime p , Lemma 1.2 gives Ž . Ž . k G s k G rZ . Then by Lemma 1.3 and the argument of the first
For the remainder of the proof, G denotes a simply connected simple algebraic group of rank l over the algebraic closure of ‫ކ‬ , and is a p Frobenius morphism of G such that the fixed point group G is a group of Ž . Lie type over ‫ކ‬ as G is simply connected, G will be of universal type . Proof. If G is a classical group with natural module of dimension n, we have n F 2 l q 1, and if G is orthogonal we can assume that l G 3. The result is immediate from Lemma 1.4 when l F 2, so assume l G 3. By
. This is less than 6 , p so the result follows in this case. 
Ž . which is at most 6 q by Lemmas 1.6 and 1.7 iii .
We now complete the proof of Theorem 1. Let G be simple of Lie type over ‫ކ‬ . There is a simply connected simple algebraic group G with a q Ž . Frobenius morphism such that, with a few exceptions,
. 2, 3,2 or 2 . Excluding the exceptions for the moment, we have
Ž . Our first application of Theorem 1 is the upper bound promised in the Introduction for almost simple permutation groups, which, together, with w x KR, Sec. 1 , gives Theorem 2.
where p c is the partition func-. tion . If G s A or G is sporadic the conclusion is easily obtained using 0 6 0 w x Ž . At : the precise values of k G can be read from the character tables, while the value of n y 1 is certainly at least the smallest degree of a Ž . Ž . w x w P G can be found in KL2, Table 5 .2A for G classical, and in KL2, 0 0 x  Table 5 .3A for G exceptional. From these tables we see that one of the 0 following holds: 
0 except when l s 1 or l s 2, q s 2. The conclusion follows, except in these Ž . cases. When l s 1, we have G s L q , and we may assume q G 13 0 2 Ž Ž . . Ž . otherwise we are in case ii , covered below ; now k G F1, whence The result follows.
GENERAL BOUNDS
In this section we prove Theorems 3 and 4, and use them to estimate Ž . k G for linear groups.
We begin with another consequence of Theorem 1. where the value of N can be read off from the order of G, given for w x instance in KL2, Sect. 5.1 .
Ž . where l s rk G . One checks that this only holds in the following cases:
Ž . w x conclusion ii . In 2 , one checks from St, p. 230; Enn, p. 29 that
6 -8, giving the conclusion in this case also. Ž . Ž ⑀ Ž .. w x Ž . Now consider 3 . Formulae for k GL q are given in Gr for ⑀ s q n w xŽ . Ž. and in Wa, p. 34 for ⑀ s y ; we find easily for all cases n F 7 in 3 , that
. n, q y ⑀ , giving the conclusion by n Ž . Lemmas 1.1 and 1.2 i .
w x Finally, all the groups G in 4 , 5 , and 7 can be found in At , from Ž . < < which we see that k G -G . This completes the proof. p In the next lemma, by an intra¨ariant subgroup S of a group G we mean that for all automorphisms ␣ of G, the subgroup S ␣ is G-conjugate to S.
LEMMA 2.2. Let G be a direct product of isomorphic copies of a nonabelian finite simple group T. Then G has an intra¨ariant nilpotent subgroup
Proof. Consider first the case G s T. If T has a Sylow p-subgroup P Ž . < < for some prime p such that k T F P then we are done.
It is straightforward to see that A G 2 . By a result of
' Erdos Er we have p n F e for all n where c s 2r3 . This implies
for n G 32. For alternating groups of degree less 2 n n Ž . < < than 32 and for sporadic groups one can easily check that k T F T for p w x Ž . some prime p using At usually p s 2 will do .
By Lemma 2.1 the same is true for simple groups of Lie type with the Ž . exception of L q , q even. In the latter case however T contains an 2 Ž . Ž w x . intravariant cyclic subgroup of order1 s k T see Su2, I. 3.6.23 .
Suppose now that G s T r and K is an intravariant nilpotent subgroup < < Ž . 
We next use Theorem 3 to prove Theorem 2.5 below, which is an w x improvement of a result of Kovacs and Robinson KR, 4.2 . In the proof w x we require the following lemma, which is taken from Is, 14.16 . intra¨ariant p X -subgroup S such that
Proof. Assume first that G is classical and not unitary. Let r be a < < primitive prime divisor of G as follows
Exclude the cases in the exceptions column for the moment. Let R be a Sylow r-subgroup of G, and define relative to a fixed orthonormal basis of the underlying unitary space. Then < < Ž . l Ž . Ž . Rs1r1, l q 1 and N R rR ( S . There exists s g
Ž . N R acting as an l q 1-cycle on the orthonormal basis, and having . esis . Let G be a simple algebraic group over ‫ކ‬ and a Frobenius
If G is of untwisted type, then we w x see from Ca1 that there is a -stable maximal torus T of G such that the order of T s T l G is
< < l S s T; as S G1, the result holds for these types. Now let G be of Ž Ž .. < Ž . < X type E or E , and take S s O N T . We assert that N T rT s 9 or 
G has a soluble, intra¨ariant p -subgroup S such that k G -S .
Proof. Assume first that G is not of type
Ž . Ž . l1, where l s rk G . By Theorem 1, k G F 6q . The conclusion Ž . l Ž l . 4 follows, since for all q we have 6 q -1 .
. 4 or 4 l, then S G q y 1, giving the conclusion as 6 q -q y 1 for Ž . l < < 4 Ž q G 2, l G 4. If l G 9 then also 6 q -S note that for the ''smallest Ž . 9 ŽŽ 9 . . 4 . case'' q s 3, l s 9, we have 18 -3 y 1 r4 . For l s 5 or 7 we have < < l S G q y 1 unless p s 5 or 7, respectively; in these cases we only need to Ž . 5 ŽŽ 5 . . 4 Ž . 7 ŽŽ 7 . . 4 check that 30 -5 y 1 r4 and 42 -7 q 1 r4 . Finally, when < < Ž 6 . Ž . 6 l s 6 we have S G q y 1 r2, and we need only check that 18 -
2 Ž .
X
To complete the proof, assume that G s B q , G q , or F q . In 2 2 4 w x these cases we see from Su1, War, Shi1 that G has intravariant tori of
orders21,31 or221, while Ž .
X w x. k G s3,8, or417, respectively 22 for F 2 At . 4 The conclusion follows. LEMMA 2.8. Let G be a simple group and p a prime. Then G has a soluble
Proof. The case when G is of Lie type in characteristic p is settled by Lemma 2.7. If G is of Lie type in characteristic r / p then our conclusion follows from Lemma 2.1. If G s A then it is easy to see that we can take k S to be a Sylow 2-subgroup or a Sylow 3-subgroup of G. One can also w x check using At that if G is sporadic then G has Sylow p-subgroups P < < 4 Ž . with P ) k G for at least two different primes p. The proof is complete.
We will use another consequence of Lemma 2.6. LEMMA 2.9. Let G be a simple group and p a prime. Then G has a soluble intra¨ariant p X -subgroup S such that
Proof. It is easy to see that for alternating groups and sporadic groups we can take S to be a Sylow r-subgroup for some prime r / p.
One can also check that if G is of Lie type over ‫ކ‬ then 2 Out G F q p q 2 Ž .
Ž . Ž . < Ž .< holds and for G s B q or Leven , we have 2 Out G F q. Ž . except possibly if G s B q , G q , or L q , q odd. However, in these 2 2 2 < Ž .< < < cases we have 2 Out G F 2 f F q F S . The proof is complete.
p
We now recall some properties of the generalized Fitting subgroup Ž . F* G of a finite group G. The components of G are its subnormal Ž . quasisimple subgroups and the layer E G of G is the subgroup generated Ž . Ž Ž .. by its components. The group E s E G rZ E G is a direct product of simple groups, say E s L = иии = L . The Fitting subgroup is the direct 1 k Ž . < < product of the groups F s O G for the primes p dividing G . The 
The order of a p-subgroup of the symmetric group of degree k is less k Ž . than 2 . By Lemmas 2.10 i and 2.9
By a result of Wolf Wo1, Theorem 1.6 , GL t , p F p . Using
Ž . Lemma 2.10 ii we obtain part ii .Ž .
Proof of Theorem
. . , r q 1 which are not p-groups. By i i
Lemma 2.11 the product of the orders of the p-groups among the G is at
As noted in the Introduction, Theorem 4 implies that if G is an Ž . Ž . 10 n Ž irreducible subgroup of GL n, q then k G F q as stated in Corollary . 5 . As we will see this in turn implies that ''most'' primitive permutation Ž groups have a surprisingly small number of conjugacy classes see Corol-. lary 2.15 below . To prove this, we first record some well-known facts about primitive groups. Proof. We know that S is a direct power of a non-abelian simple group,
on the direct factors of S by conjugation. The kernel K of this action has Ž . r an embedding into Aut L , and GrK F S . It is easily checked that
ii in the proof of Proposition 1.9 , and this gives < < us KrS F n as required. Ž . To prove ii first note that if S is non-abelian then by Theorem 2 and Ž .
Lemma 2.14 we have k GrS F n2 F n . On the other hand using Ž . Theorem 1 and the bounds for the minimum degree P L listed in the Ž . Ž . 4 proof of Proposition 1.9 it is straightforward to see that k L F P L w x holds when L is of Lie type; and the same holds for L sporadic by At . It Ž .
6
follows that if S is non-abelian then we have k G F n . If S is abelian of order p r then GrS may be identified with an irreducible subgroup of Ž . Ž .
r 11
GL r, p . Therefore in this case, by Corollary 5, k G F p s n . The proof is complete.
In view of the above estimates it might be possible that there is a polynomial time algorithm for finding representatives of the conjugacy classes of primitive groups G when L is not an alternating group.
We end this section with an estimate for the number of conjugacy Ž . classes of arbitrary subgroups of GL n, q .
Ž
. Ž e . Proof of Corollary 6. If G is any subgroup of GL n,sp , then Ž . GrO G may be viewed as a completely reducible linear group acting on p the direct sum of the composition factors of the natural module for G. By Ž Ž ..
n
Corollary 5, k GrO G F q holds. By a result of Arregi and Vera-
The aim of this section is to prove Theorems 7, 8, and 9. First we will prove Theorem 8.
For a simple group S and a prime p, define 
the other hand, the homogeneous components W are permuted faithfully i and transitively by Ł S , so by Lemma 2.13, we have a G Ł m ,
where m s P S . By Corollary 3.2, we have S -c , so S -c ,
as in the conclusion of the theorem. And if b s 1, then J s л and n a r < < Ä 4 c sc )Ł S similarly. Hence we may assume that J s 1, . . . , r ; in
Then H is w x a commuting product of quasisimple groups H , and by KL2, 5.5.7 we i Ž . have n G Ł R S , which gives the conclusion using Corollary 3.2. Hence p i
we may also assume that K is non-abelian. Suppose that V x K is reducible. Then there is a tensor decomposition 
Ž .
X X Ł , S , Ł , Srespectively , and the conclusion follows by induction.
Thus we may suppose that V x K is irreducible. Recall that K is nilpotent. Choose a prime q such that K has a non-abelian Sylow q-subgroup Q. Then Q 1 H, and as above we may assume that V x Q is irreducible. If A is a characteristic abelian subgroup of Q then A 1 H, and again as above, we obtain the conclusion unless A consists of scalars.
Hence we may suppose that every characteristic abelian subgroup of Q is cyclic; in other words, Q is a q-group of symplectic type. The structure Ž w of such groups is known, by a well known result of Philip Hall see As,
x. 23.9 . In particular, Q has a characteristic irreducible subgroup Q which giving the conclusion of the theorem. This completes the proof under the assumption that V x H is irreducible. Now suppose V is a reducible H-module, and let W be an Ž . irreducible H-submodule. By the minimality of n, neither GL W nor Ž .
r GL VrW has a section Ł S . Hence there is a proper non-empty subset and GrK is a subgroup of S . By Corollary 3.3 we have r F nr2 and r n r2 Ž . therefore k GrK F 2 by Theorem 2. Ž . It remains to estimate k K . We will use the following two facts, the first of which is a straightforward consequence of Lemma 2.1, and the w x second of which can be checked easily using KL2, Sect. 5.1 for example.
Fact 2. If L is a simple group of Lie type in characteristic p, and Ž . Proof. If T is sporadic or A nF8 then our conclusion can easily be n w x < < checked using At . Now let T s A with n G 9. We have S F p n n Ž n y 1 . r Ž p y 1 .
n y 1 Ž . n Ž .< Ž .< < < 2ny1 p F 2 and 2 k T F 2 . Hence 2 k T Out T T F2 p p < < which is less than T s n!r2 as required.
Ž . Ž 2 . Ž . Now consider T s L q , of ordery 1 r 2, q y 1 . We may as-2 sume T \ A , so q / 4, 5, 9. n Ž .
< < X Ž . If q is even then k T s1 and T Gy 1 . Hence p < < 2k T OutT s 21 log q, Ž .
Ž .
Ž . and this is less thany 1 for q G 8.
< < X Ž . Ž . Ž . < Ž .< If q is odd then T Gy 1 r2, k T s5 r2 and Out T s p 2 log q, so < < < < 2k T Out T s5 . 2 log q .
Ž . Ž . Ž .
p p Ž . Ž . Ž . This is less thany 1 r2 except when q, p s 7, 2 , as in the conclusion of the lemma. 
Ž .
2 Ž 2 .Ž .
aq1
Next let T s B q , of order1 q y 1 , with q s 2 G 8.
2
Ž . w x < < X Ž 2 .Ž . Here k T s3 by Su1 , and T G1 q y 1 . Since p Ž . Ž 2 .Ž . 23 log q -1 q y 1 for q G 8, the result follows.
⑀ Ž . Ž . Ž . Ž . Suppose now that T s L q . Since L 2 ( L 7 and U 2 is soluble, we may assume that q ) 2. As noted in the proof of Lemma 2.1, we have Ž ⑀ Ž .. Ž 2 .Ž . Ž . Ž ⑀ Ž .. Ž 2 k PGL q F2 3, q y ⑀ , whence k T s k L q F.Ž . 2 < < 3 Ž 3 .Ž 2 . Ž .2 3, q y ⑀ . Also, T sy ⑀ q y 1 r 3, q y ⑀ , from which < < X Ž 3 .Ž 2 . Ž . we see that T G q y ⑀ q y 1 r 3, q y ⑀ . We now check that p 2 2 < < 2k T Out T F 22 3, q y ⑀ .2 log q Ž .
Ž . Ž .
Ž . 
